Abstract. Let BS(m, n) denote the set of base sequences (A; B; C; D), with A and B of length m and C and D of length n. The base sequence conjecture (BSC) asserts that BS(n + 1, n) exist (i.e., are non-empty) for all n. This is known to be true for n ≤ 36 and when n is a Golay number. We show that it is also true for n = 37 and n = 38. It is worth pointing out that BSC is stronger than the famous Hadamard matrix conjecture.
Introduction
By binary respectively ternary sequence we mean a sequence A = a 1 , a 2 , . . . , a m whose terms belong to {±1} respectively {0, ±1}. To such a sequence we associate the polynomial A(z) = a 1 +a 2 z +· · ·+a m z m−1 . We refer to the Laurent polynomial N (A) = A(z)A(z (The last condition is equivalent to the vanishing of the sum of the aperiodic autocorrelation functions of A, B, C and D.) We denote the set of such base sequences by BS(m, n). Base sequences, and their special cases such as normal and near-normal sequences, play an important role in the construction of Hadamard matrices [5, 11] . For instance, the recent discovery of a Hadamard matrix of order 428 [6] used a BS(71, 36), constructed specially for that purpose. As explained in [1] , we can view the normal sequences N S(n) and near-normal sequences N N (n) as subsets of BS(n + 1, n). For normal sequences 2n must be a sum of three squares, and for near-normal sequences n must be even or 1. The base sequences (A; B; C; D) ∈ BS(n + 1, n) are normal respectively near-normal if b i = a i respectively b i = (−1) i−1 a i for all i ≤ n. The base sequence conjecture (BSC), first proposed explicitly in [1] (see also [5] ), asserts that the BS(n + 1, n) exist for all integers n ≥ 0. Implicitly, it appears in earlier papers of J. Seberry and C.H. Yang. So far, BSC has been verified for all n ≤ 36 and it is also well known that it holds when n is a Golay number, i.e., when n = 2 a 10 b 26 c where a, b, c are nonnegative integers. For the cases n ≤ 32 and references to previous work by other authors see [1, 7, 8, 9, 11] . For the cases n = 33, 34, 35 see [10] or the Tables 7-9 below, and for n = 36 see [3] or the next section and the Table 10 below.
T -sequences are quadruples of ternary sequences, (X; Y ; Z; W ), all of the same length n such that for each index i exactly one of the terms x i , y i , z i , w i is nonzero, and
We denote by T S(n) the set of all T -sequences of length n. The T -sequence conjecture (TSC) asserts that T S(n) exist for all integers n ≥ 1.
In section 2 we show that BSC is also valid for n = 37 and n = 38. Our example for n = 38 consists of near-normal sequences. Consequently, the number 77 is a Yang number. We recall that Yang numbers are odd integers 2s+1 for which N S(s) or N N (s) is not empty. We also update the status of the TSC.
Let α = (A; B; C; D) ∈ BS(m, n) and let
. By setting z = 1 in the norm identity (1.1), we see that the squares a 2 , b 2 , c 2 , d 2 , arranged in decreasing order, form a partition of 2(m+ n). The same is true for the squares of a * , b * , c * , d * . We denote the former partition by p α and the latter by p * α . In the early searches for base sequences BS(n + 1, n) the objective apparently was to construct, for each partition p of 2(2n + 1) into four squares, base sequences α = (A; B; C; D) ∈ BS(n + 1, n) such that p α = p. For this we refer the reader to the paper [8] and its references. A more ambitious program to construct base sequences α = (A; B; C; D) ∈ BS(n + 1, n) with p α and p * α specified was initiated in our paper [1] . For that purpose, we have defined there the graphs Γ n , n ≥ 0.
In section 3 we recall the definition of the Γ n . These are undirected graphs with loops allowed but no multiple edges. They were determined for n ≤ 27 by means of extensive computations of base sequences. We extend these computations to cover the cases n = 28, 29, . . . , 35. The base sequences that we need are listed in Tables  2-9 in section 7. On the basis of these computations, we propose a conjecture about the isomorphism types of the graphs Γ n and show that the conjecture is valid for n ≤ 35.
In section 4 we describe briefly our algorithm for exhaustive search of the base sequences BS(n + 1, n).
In section 5 we report the results of our recent searches for N S(n) and N N (n). We also describe what is currently known about the existence of Yang numbers.
Current status of BSC
At the time when BSC was formulated in [1] , it was known that it holds for n ≤ 32. This was extended to n ≤ 35 by Kounias and Sotirakoglou [10] . The examples of BSC(n + 1, n) for n = 36 and n = 38 were constructed in the course of our exhaustive searches for near-normal sequences [3, 4] . We have recently constructed an example for n = 37. These three examples will be given below.
Proposition 2.1. The base sequences BS(n + 1, n) exist for n ≤ 38 (and for all Golay numbers n).
As explained above, it suffices to give examples of BS(n+1, n) for n = 36, 37 and 38. To avoid possible errors, we shall give all base sequences in encoded compact form which is used in our computer program. Although this encoding scheme has been described in several of our previous papers, we shall give the details once again for the convenience of the reader.
Let (A; B; C; D) ∈ BS(n + 1, n). We encode the pairs (A; B) and (C; D) separately by using the same scheme. We decompose the pair (A; B) into quads
and, if n = 2m is even, the central column a m+1 b m+1 . We can assume (and we do)
that the first quad of (A; B) is + + + − . We attach to this particular quad the label 0. The other quads in (A; B) and all the quads of the pair (C; D), shown with their labels, must be one of the following:
The central column (if present) is encoded as
If n = 2m is even, the pair (A; B) is encoded as the sequence q 1 q 2 . . . q m q m+1 , where q i , 1 ≤ i ≤ m, is the label of the ith quad and q m+1 is the label of the central column. If n = 2m − 1 is odd, then (A; B) is encoded by q 1 q 2 . . . q m , where q i is the label of the ith quad for each i. We use the same recipe to encode the pair (C; D).
As an example, the base sequences Those for n = 36, 38 are in fact near-normal. It is well known that there exist maps BS(m, n) → T S(m + n) and T S(n) → T S(2n). By using the Proposition 2.1 and taking into account the [5, Remark V. 8 .47], we obtain Corollary 2.2. Apart from the two undecided cases n = 79, 97, the T -sequences T S(n) exist for all n ≤ 100.
The Γ-conjecture
We begin by recalling the definition of the graph Γ n . Its vertex set is the set of all partitions of 4n + 2 into four squares (including 0 and with repetitions allowed). We postulate that Γ n may have loops but we do not permit multiple edges. There is a loop at a vertex p if and only if there exist base sequences α ∈ BS(n+1, n) such that p α = p * α = p. If p and q are two distinct vertices, then {p, q} is an edge of Γ n if and only if there exist base sequences β ∈ BS(n + 1, n) such that {p β , p * β } = {p, q}. This completes the definition of Γ n . We refer to any α ∈ BS(n + 1, n) as a witness for the edge {p α , p * α } of Γ n . While BSC simply asserts that each BS(n + 1, n) is non-empty, we shall propose a new conjecture which gives the description of the graphs Γ n .
To state this new conjecture, we need some more notation. Let α be as above and assume that n is fixed. Note that a ≡ b ≡ n + 1 (mod 2) and c ≡ d ≡ n (mod 2). Thus exactly two of the integers a, b, c, d are even. If n is even, one can show (see [1] ) that these two even integers are congruent to each other modulo 4.
In that case we say that the vertex α is even respectively odd if they are congruent to 0 respectively 2 modulo 4. Thus, for even n, the vertex set is partitioned into even and odd vertices.
Let ν denote the number of vertices of Γ n . If n is even, let ν 0 respectively ν 1 denote the number of even respectively odd vertices of Γ n . Of course, we have ν 0 + ν 1 = ν when n is even. In Table 1 we give, for 0 ≤ n ≤ 40, the value of ν for odd n and the values of ν 0 and ν 1 for even n. Let K m denote the complete graph on m vertices. Any two distinct vertices are joined by a single edge. However, K m has no loops. If we enlarge K m by attaching a loop at each vertex, we obtain the graph K 0 m . By K m,n we denote the complete bipartite graph with m respectively n vertices in the first respectively second part. The disjoint union of two graphs will be written as a sum.
The graphs Γ n for n = 4, 8, 12 are described in [1] . Since we always have ν ≥ 1, BSC is a consequence of the Γ-conjecture if n ≡ 2 (mod 4). This would also be true when n ≡ 2 (mod 4) provided that one can show that both ν 0 and ν 1 are nonzero. We can formulate this as the following number-theoretical question.
Question Let S = {k 2 : k ∈ Z} respectively T = {k(k + 1)/2 : k ∈ Z} be the set of squares respectively triangular numbers. Let S 2 = {x + y : x, y ∈ S} and T 2 = {x + y : x, y ∈ T }. Does the set {4x + y : x, y ∈ T 2 } respectively {2x + y : x ∈ S 2 , y ∈ T 2 } contain all even respectively odd nonnegative integers?
(The BSC implies that the answer is affirmative in both cases.)
We give now the current status of the Γ-conjecture.
Proposition 3.1. The Γ-conjecture is valid for n ≤ 35.
We have to construct witnesses of all hypothetical edges of Γ n . This was accomplished in [1] for n ≤ 27, while for n = 28 two witnesses were missing. Tables 2-9 of the appendix confirm the Γ-conjecture for n = 28, 29, . . . , 35 as they contain witnesses for all hypothetical edges of Γ n .
We have partial results for n = 36. Hypothetically, Γ 36 has 27 edges. We list the witnesses for 19 of them in Table 10 .
If n is odd, we use the (decreasing) lexicographic order of partitions to enumerate the vertices of Γ n . If n is even, we enumerate first the even and then the odd vertices and arrange them (separately) in the lexicographic order. If n ≡ 2 (mod 4) then Γ n is bipartite (and there are no loops). The symbol i-j in the first column of the tables below denotes the edge joining the ith and the jth vertex. If i = j, it refers to the loop at the ith vertex.
For instance, if n = 28 then there are eight vertices: Table 2 are witnesses for the edges of the "even" component K 
Sketch of the algorithm
Our computer program is designed for exhaustive search of base sequences BS(n+ 1, n) for n ≥ 7. The search is divided into 18 cases by fixing the first three quads of the pair (A; B) and the first two quads of (C; D). The choice of these cases depends on the parity of n.
Cases for n odd 1) 065; 11 2) 066; 11 3) 068; 11 4) 061; 12 5) Each of the 18 cases is treated separately. The first quad of the pair (A; B) is always 0. Thus the n-th auto-correlation of (A; B; C; D) is 0. The other four starting quads are chosen so that the (n − 1)-st and (n − 2)-nd auto-correlation is 0. We proceed by selecting the 4-th quad of (A; B) and the 3-rd quad of (C; D) so that the (n − 3)-rd auto-correlation vanishes. We continue this procedure as far as possible. If no selection is possible, we backtrack. If we succeed in finding all the quads and the central column, then we test whether all the remaining autocorrelations vanish. If not, we backtrack. Otherwise we record the base sequences that we found. Note that this algorithm does not use any information about the possible sums a, b, c, d of the four constituent sequences. Thus we do not know in advance what these sums will turn out to be.
In order to handle the large values of n, say n > 31, we modify the program by breaking it into two phases. The first (easy) phase is to collect into a file the initial segments of quads, say of length 8 for (A; B) and length 7 for (C; D). Such a file has several milions of rows (subcases). It takes only several minutes to generate this file. In the second phase we use a random number generator to select a row in this file as the entry point for our program. The program then completes the computation for a fixed number, say r, of consecutive rows starting from the chosen entry point. We may repeat this subroutine, say s times. In our runs, the product rs was either 10000 or just 1000. Usually we do not run the program to completion as this would require a prohibitively long time. We collect all base sequences that the program finds, and stop it after 5-6 days. If necessary, we repeat this process several times, using different cases, until we find the witnesses for all edges of Γ n .
As an example, we mention that the construction of Table 6 took in total about 1423 days of CPU time. For this table, we ran the parallelized version of our program on two machines at the same time, one used 128 processors at 3.0 GHz and the other 64 processors at 2.2 GHz. The program constructed in total 2640 different base sequences BS(33, 32).
Recent results on normal and near-normal sequences
We give here a brief summary of our recent results on these two types of sequences and on Yang numbers. Let us begin by quoting Theorem V.8.38 from the recent handbook [5] .
Theorem 5.1. There is no N S(n) for n = 6, 14, 17, 21, 22, 23, 24, 27, 28, 30 (all other orders of n < 31 exist). N S(31) is the first unknown case.
We have carried out exhaustive searches for N S(n) for n = 31, 33, 34, 35, 36, 37, 38, 39 and did not find any such sequences. As 32 and 40 are Golay numbers, we therefore have the following improvement. The first unknown case is n = 83.
Acknowledgments
The author is grateful to NSERC for the continuing support of his research. Most of this work was made possible by the facilities of the Shared Hierarchical Academic Research Computing Network (SHARCNET:www.sharcnet.ca). The author also thanks the referees for their valuable suggestions. 
Appendix: Lists of base sequences

